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Abstract
Consider the infinite dimensional hyperbolic dynamical system provided by
the (forward) heat semi-flow on the loop space of a closed Riemannian manifold
M. We use the recently discovered backward λ -Lemma and elements of Conley
theory to construct a Morse filtration of the loop space whose cellular filtration
complex represents the Morse complex associated to the downward L2-gradient of
the classical action functional. This paper is a survey. Details and proofs will be
given in [6].
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1 Introduction
Consider a closed smooth manifold M of dimension n≥ 1 equipped with a Riemannian
metric and the Levi-Civita connection ∇. Pick a smooth function V : S1×M and set
Vt(q) :=V (t,q). Here and throughout we identify S1 = R/Z.
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1
For smooth maps R× S1 → M : (s, t) 7→ u(s, t) consider the heat equation
∂su−∇t∂tu−∇Vt(u) = 0. (1)
It corresponds to the downward L2-gradient equation of the action given by
SV (x) =
∫ 1
0
(
1
2
|x˙(t)|2−V(t,x(t))
)
dt
for any element x : S1 → M of the free loop space ΛM := W 1,2(S1,M) consisting of
absolutely continuous loops in M. The critical points of SV are the solutions x ∈ ΛM
of the ODE −∇t x˙−∇Vt(x) = 0, that is the (perturbed) closed geodesics. Throughout
this paper we fix a regular value a of SV and assume that the Morse-Smale condition
holds true below level a. Consider the sublevel set ΛaM := {SV < a}. In this case
the action is a Morse function on ΛaM and the set of solutions to (1) that converge to
critical points x± ∈ΛaM, as s→±∞, carries the structure of a smooth manifold whose
dimension is given by the Morse index difference indV (x)− indV (y). Moreover, the
number na of elements of the set Crit of critical points of SV in ΛaM is finite. By Critk
we denote the set of critical points in ΛaM of Morse index k. For each x ∈ Crit pick an
orientation of the largest subspace Ex of the Hilbert space
X := TxΛM =W 1,2(S1,x∗TM)
on which the Hessian of SV at x is negative definite. (The dimension of Ex is finite and
called the Morse index of x.)
Heat flow homology [4]
By definition the Morse chain groups CMk = CMk(ΛaM,SV ;Z) are the free abelian
groups generated by the (perturbed) closed geodesics x of Morse index k and below
level a, that is ZCritk . Set CMk = {0} in case of the empty set. The chosen orientations
provide the characteristic sign nu ∈ {±1} for each heat flow solution u of (1) between
critical points of index difference one. Up to shift in the time variable s, there are
only finitely many such u. Counting them with signs nu provides the Morse boundary
operator ∂k : CMk →CMk−1. By HMk we denote the corresponding homology groups.
Main result: The natural isomorphism to singular homology [6]
The idea to use cellular filtrations to calculate Morse homology goes back at least
to Milnor [3]. One needs to construct a cellular filtration F of ΛaM whose cellular
filtration complex (C∗F ,∂∗) precisely represents the Morse complex, up to natural
identification. In this case we are done, since
HMk ≡ H∗ ((C∗F ,∂∗))≃ H∗(ΛaM) (2)
where the isomorphism is provided by algebraic topology given any cellular filtration
of ΛaM (related to the Morse complex or not); see e.g. [2].
2
2 Morse filtrations and Conley pairs
Definition 2.1 (Cellular filtration and homology). Assume F = (F−1 ⊂ F0 ⊂ F1 ⊂
·· · ⊂Fµ) is a nested sequence of open subsets of ΛaM such that relative singular homol-
ogy Hℓ(Fk,Fk−1) is trivial whenever ℓ 6= k and where F−1 := /0. In this case F is a cel-
lular filtration of ΛaM. For the algebraic topology used in this section we refer to [2].
The cellular chain complex consists of the cellular chain groups CkF := Hk(Fk,Fk−1)
together with the triple boundary operators ∂k : Hk(Fk,Fk−1)→ Hk−1(Fk−1,Fk−2). A
cellular filtration F is called a Morse filtration, if CkF = CMk for every k ∈N, that is
each relative homology group Hk(Fk,Fk−1) is generated precisely by the critical points
of Morse index k.
Remark 2.2. To establish (2) we need to a) construct a Morse filtration F of ΛaM and
b) show that the associated triple boundary operator counts heat flow lines according
to their characteristic signs between critical points of index difference one. How to
solve these two problems is known for flows; cf. [3] or [1, thm. 2.11]. The solution
to b) carries over to our semi-flow situation, since restricted to the (finite dimensional)
unstable manifolds the semi-flow turns into a flow. It remains to construct a Morse
filtration F of ΛaM.
The Abbondandolo-Majer construction for flows [1]
In their construction of a Morse filtration F ′ of ΛaM openness of the sets F ′k follows
from openness of the time-T-map and the Morse property is a consequence of forward
flow invariance of the open sets F ′k . Start by setting N0 equal to the union of open local
sublevel sets, one for each local minimum x0. Set F ′0 := N0. Next choose a small open
ball about each index one critical point and denote their (disjoint) union by N′1. Then
take the union of F ′0 and the whole forward flow of N′1 and call it F ′1 := F ′0 ∪ϕ[0,∞)N′1.
Similarly define F ′2 and F ′3, . . .F ′na .
A construction for semi-flows using Conley pairs [6]
The Cauchy problem associated to the heat equation (1) for maps [0,∞)→ ΛaM : s 7→
us = u(s, ·) is well posed and leads to the continuous semi-flow
ϕ : [0,∞)×ΛaM → ΛaM
called the heat flow. In fact ϕ is of class C1 on (0,∞). A characteristic feature of
the heat flow is its extremely regularizing nature, namely ϕsγ ∈ C∞(S1,M) whenever
γ ∈ΛM and s > 0. Observe that the set of nonsmooth elements is dense1 in ΛM. Hence
ϕs is not an open map for s > 0 and the Abbondandolo-Majer method does not work.
Instead we propose the following construction.
It is a very simple—but far reaching—observation that by continuity of ϕs preim-
ages of open sets are open. Define N0 as above. Observe that the preimage (ϕT )−1N0
1Pick γ ∈ ΛM and a nonsmooth ξ ∈W 1,2(S1,x∗TM). For large integers j set expγ ( 1j ξ ).
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x0 L0 = ∅ = F−1
N1
N0
exit set
x1
L1 ⊂ (ϕT0 )
−1 (F−1 ∪N0) =: F0
Figure 1: Morse filtration F = ( /0⊂ F0 ⊂ F1 ⊂ ·· · ⊂ Fna = ΛaM)
is open and semi-flow invariant. Pick any index one critical point x1. The (one-
dimensional) unstable manifold of x1 necessarily2 enters N0. Consequently our preim-
age gets very close to x1 for T very large, however, it never contains x1. To get over
the barrier x1 assume we had an open neighborhood Nx1 of x1 containing no other crit-
ical points and an open subset Lx1 ⊂ Nx1 whose closure does not contain x1. Assume
further that Lx1 is semi-flow invariant in Nx1 and every element leaving Nx1 under the
semi-flow necessarily runs through Lx1 first. Such a pair (Nx,Lx) is called a Conley pair
for x ∈ Crit and Lx is called an exit set for the Conley set Nx.
Pick x ∈ Crit and set c := SV (x). For ε > 0 small and τ > 0 large the sets
Nx = Nε,τx :=
{
γ ∈ Λc+ε M |SV (ϕτ γ)> c− ε
}
x
Lx = Lε,τx := {γ ∈ Nx |SV (ϕ2τ γ)< c− ε}
(3)
form a Conley pair for x. Here {. . .}x indicates the path connected component that
contains x. By Theorem 3.2 (d) the sets Nx corresponding to different critical points x
are pairwise disjoint. For k ∈ {0, . . . ,na} set
Nk := ∪x∈Critk Nx, Lk := ∪x∈Critk Lx.
Consider the sets
Fk := (ϕTk )−1 (Fk−1∪Nk)⊃ Lk+1, k = 0, . . . ,na− 1, (4)
where the constant Tk is chosen sufficiently large3 such that the inclusion holds true;
see Figure 1. Because there are no critical points in the complement of Fna−1∪Nna in
ΛaM, there is a constant Tna such that ΛaM is equal to Fna := (ϕTna )−1 (Nna ∪Fna−1).
Observe that each set Fk is open, because Nk and Fk−1 are. Furthermore, although
Nk is not semi-flow invariant the union Nk ∪Fk−1 is, because the exit set Lk of Nk is
contained in Fk−1. Openness and semi-flow invariance heavily enter the calculation (5)
in the proof of the Morse filtration property.
2By Palais-Smale and SV being Morse γ∞ := lims→∞ ϕsγ always exists and lies in Crit. If γ ∈W u(x1)
and γ 6= x1 , then γ∞ ∈ Crit0 by Morse-Smale.
3Here Palais-Smale, Morse-Smale on neighborhoods, and SV being bounded below enter.
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γ ∈ Suǫ (x)
Dγ(x) x
∞τ 2τ 2τ
{SV = c+ ǫ}
Lx
{SV = c− ǫ}
Wu(x)
W s(x)
τ = time to reah
Nx
D(x)
Figure 2: Conley pair (Nx,Lx) foliated by equal time disks (ϕT )−1Dγ (x)
Morse filtration property
Constructing suitable homotopy equivalences and applying the excision axiom of rela-
tive homology one shows that
Hℓ(Fk,Fk−1)≃ Hℓ(Nk,Lk)≃
⊕
x∈Critk
Hℓ(Nx,Lx). (5)
Here the final step uses that Nk is a union of pairwise disjoint sets Nx. So in order to
prove that the nested sequence F consisting of the open semi-flow invariant sets Fk
defined by (4) is a Morse filtration of ΛaM—thereby concluding the proof of (2) via
Remark 2.2—it remains to show that
Hℓ(Nx,Lx)≃ Hℓ(Dk,∂Dk)≃
{
Z , ℓ= k,
0 , otherwise,
(6)
for every x ∈ Critk. To prove the first isomorphism was precisely the problem which
inspired us to come up with the backward λ -Lemma in [5]: Since the part of Nx in
the unstable manifold W u(x) is a k-disk and the corresponding part of Lx is homotopy
equivalent to the disk boundary, it remains to deformation retract (Nx,Lx) to its part in
W u(x). A very simple, but crucial, observation is that the semi-flow ϕs deforms the
ascending disk W sε (x) := W s(x)∩Λc+ε M = W s(x)∩Nx to x, as s → ∞. Clearly this
fails on other parts of Nx. Note that W sε (x) is a C1 graph over its tangent space denoted
by, say X+. The idea is to foliate all of Nx by copies of W sε (x), more precisely C1
graphs over X+, then extend ϕs artificially to all of Nx using the graph maps; see (8)
and Figure 4.
To see the foliation assign to each point of Nx the time T at which it hits the level
surface {SV = c− ε}; see Figure 2. This suggests that Nx is foliated by (pieces of)
the equal time hypersurfaces (ϕT )−1{SV = c− ε} for T ∈ (τ,∞). For T = ∞ one
obtains the codimension k ascending disk W sε (x). Of course, the leaves of a foliation
need to be of the same codimension: Consider the tubular neighborhood D(x)→ Suε(x)
associated to the (sufficiently small) radius a normal bundle of the descending sphere
Suε(x) := W u(x)∩ {SV = c− ε} in the Hilbert manifold {SV = c− ε}. Each fiber
Dγ(x) is a codimension k disk.
5
3 Backward λ -Lemma and stable foliations
Fix x ∈ Critk and set c := SV (x). Since Nx = Nε,τx fits into any neighborhood of x for
ε > 0 small and τ > 0 large we use local coordinates about x ∈ ΛM.
Local coordinates about x ∈ ΛM
The nonlinear part of the heat equation (1) determines a closed radius ρ0 ball Bρ0 about
0∈ X such that the following is true. Paths s 7→ u(s) in ΛM near x and s 7→ ξ (s) in Bρ0
uniquely correspond to each other via the identity u(s) = expx ξ (s) pointwise for every
t ∈ S1. In the new coordinates ξ the Cauchy problem associated to (1) turns into the
equivalent Cauchy problem
ζ ′(s)+Aζ (s) = f (ζ (s)), ζ (0) = z ∈Bρ0 , (7)
for maps ζ : [0,T ]→ Bρ0 ⊂ X . Here A = Ax is the Jacobi operator associated to the
(perturbed) closed geodesic x. The semi-flow ϕ turns into a local semi-flow φ on
Bρ0 ⊂ X . The nondegenerate critical point x corresponds to the hyperbolic fixed point
0 of φ . Furthermore, there is the orthogonal splitting
X := TxΛM ≃ TxW u(x)⊕TxW s(x) =: X−⊕X+.
Here X− is of finite dimension k = indV (x) and consists of smooth loops along x. By
pi± : X → X± we denote the associated orthogonal projections. For coordinate repre-
sentatives of global objects we shall use the global notation omitting x, for example
W u(x) becomes W u. By S we denote the representative of SV . Via a (standard)
change of coordinates one achieves that locally near zero W u is contained in X−. By
B
+
R we denote the radius R ball about 0 ∈ X+. The spectral gap d > 0 is the distance
between 0 and the spectrum of Ax.
Theorem 3.1 (Backward λ -Lemma, [5]). Pick µ ∈ (0,d) and a hypersurface D ⊂Bρ0
of the form Suε ×B+a . Then the following is true (see Figure 3). There is a ball B+
about 0 ∈ X+, a constant T0 > 0, and a Lipschitz continuous map
G : (T0,∞)× Suε ×B+ →W u×B+ ⊂Bρ0
(T,γ,z+) 7→
(
GTγ (z+),z+
)
=: G Tγ (z+)
of class C1. Each map G Tγ : B+ → X is bi-Lipschitz, a diffeomorphism onto its image,
and G Tγ (0) = φ−T γ =: γT . The graph of GTγ consists of those z ∈ Bρ0 which satisfy
pi+z ∈B+ and reach the fiber Dγ = {γ}×B+a at time T , that is
G
T
γ (B
+) = (φT )−1Dγ ∩
(
X−×B+
)
.
Furthermore, the graph map G Tγ converges uniformly, as T →∞, to the stable manifold
graph map G ∞. More precisely, the estimates∥∥G Tγ (z+)−G ∞(z+)∥∥W 1,4 ≤ e−T µ16 , ∥∥dG Tγ (z+)v∥∥2 ≤ 2‖v‖2 ,∥∥dG Tγ (z+)v− dG ∞(z+)v∥∥2 ≤ e−T µ16 ‖v‖2
hold true for all T > T0, γ ∈ Suε , z+ ∈B+, and v in the L2 closure of X+.
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W s
γT := φ−T γ
Dγ
GTγ
G∞
γ ∈ Suǫ
B+
T→∞
←− φT
−1Dγ ∩ (X− × B+)
0
X− ⊃ Wu
Figure 3: Backward λ -Lemma
Theorem 3.1 is based on the observation that the Cauchy problem for a heat flow
line ξ : [0,T ]→ X with ξ (0) = z is equivalent to a mixed Cauchy problem with data
(T,γ,z+). Namely, there is a unique heat flow line ξ : [0,T ]→ X with pi+ξ (0) = z+
and pi−ξ (T ) = γ .
That the (k-dimensional) unstable manifolds carry backward time information is
evident from their definition. In contrast, Theorem 3.1 provides backward time infor-
mation on open sets.
Stable foliation of Conley set
Theorem 3.1 foliates neighborhoods of x by (globally meaningless) codimension k
disks. The next result provides global information in various directions. By defini-
tion the descending disk W uε (x) is given by W u(x)∩{SV > c− ε}.
Theorem 3.2 ([6]). Given µ ∈ (0,d) there are constants ε1,τ1,a > 0 such that the
following is true. Assume τ > τ1 and ε ∈ (0,ε1) and consider the radius a tubular
neighborhood D(x)→ Suε(x) defined in the paragraph preceding section 3.
a) The Conley set Nx =Nε,τx carries the structure of a codimension k foliation whose
leaves are parametrized by the disk ϕ−τW uε (x). The leaf over x is the ascending
disk W sε (x) and the other leaves are given by the disks
Nx(γT ) =
{
(ϕT )−1Dγ(x)∩{S < c+ ε}
}
γT , γT := ϕ−T γ,
whenever T > τ and γ ∈ Suε(x).
b) Leaves and semi-flow are compatible in the sense that
z ∈ Nx(γT ) ⇒ ϕσ z ∈ Nx(ϕσ γT ), ∀σ ∈ [0,T − τ).
c) The leaves converge uniformly to the ascending disk in the sense that
distW1,2 (Nx(γT ),W sε (x))≤ e−T
µ
16
for all T > τ and γ ∈ Suε(x). Furthermore, if U is a δ -neighborhood of W sε (x) in
ΛM, then Nε,τ∗x ⊂U for some constant τ∗.
d) Assume U is an open neighborhood of x in ΛM. Then there are constants ε∗ and
τ∗ such that Nε∗,τ∗x ⊂U.
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4 Strong deformation retract
Pick x ∈ Critk. It remains to prove (6). If k = 0, then Lx = /0 and W u(x) = {x} is a
strong deformation retract of W sε (x) = Nx. The retraction is provided by the semi-flow
ϕs and we are done. Assume k > 0. Consider the local setup of section 3 and denote
the representative of Nx by N; similarly for other quantities. Fix ρ0 > 0 so small that
the only critical point in Bρ0 is 0.
Definition 4.1. By Theorem 3.2 each z ∈ N lies on a leaf N(γT ) for some time T > 0
and some point γ in the descending disk Suε where γT := φ−T γ . The continuous leaf
preserving map θ : [0,∞)×N → N defined by
θsz := G Tγ pi+φsG ∞pi+z (8)
is called the induced semi-flow on N; see Figure 4. It is of class C1 on (0,∞)×N.
That θs preserves the central leaf N(0) =W sε is due to the downward L2-gradient na-
ture of the heat equation. The proof for a general leaf N(γT ) turns out to be surprisingly
complex although the idea is once more simple: Show that the map s 7→S (θsz) strictly
decreases whenever z lies in the (topological) boundary of a leaf. This implies preser-
vation of leaves as follows. Firstly, note that θ is actually defined on a neighborhood of
N(γT ) in G Tγ (B+). Secondly, the (topological) boundary of a leaf lies on action level
c+ ε whereas the leaf itself lies strictly below that level. Thus the induced semi-flow
points inside along the boundary of each leaf—which is a disk by Theorem 3.2. So
θs preserves leaves, thus N and L by Theorem 3.2. Moreover, it continuously deforms
both topological spaces to their respective part in the unstable manifold and this con-
cludes the proof of (6). Therefore F defined by (4) is indeed a Morse filtration for
ΛaM and by Remark 2.2 this establishes the desired natural isomorphism (2).
It remains to show that ddsS (θsz) < 0 whenever z lies in the (topological) bound-
ary of a leaf. Note that gradS is defined on loops whose regularity is at least W 2,2.
Consider the neighborhood W := Bρ0 ∩{S ≤ c+ ε/2} of 0 illustrated by Figure 5.
By Palais-Smale the constant defined by
α := inf
z∈(Bρ0∩W
2,2)\W
‖gradS (z)‖2 > 0
γT
GTγ
π+
φs
N(0) = W sǫ ⊂ imG
∞
G∞
0
γτ
N(γT ) ⊂ imG
T
γ
X+
θsz
z
∂NN
∂N
{S = c+ ǫ}
Wu X−
γ ∈ Suǫ
Figure 4: The induced flow θs on N
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0{S = c+ ǫ}
{S = c+ ǫ/2}
W
N Bρ0
Figure 5: The neighborhood W of 0 used to define α > 0
is strictly positive. A rather technical argument, see [6], involving a long calculation
which uses heavily the estimates provided by Theorem 3.1 shows that for all ε > 0
small and τ > 0 large the following is true. If T > τ and γ ∈ Suε , then
d
dsS (θsz) = dS |θsz dG
T
γ |z+(s) pi+
d
ds (φsG ∞pi+z)
=−
〈
gradS |θsz,dG Tγ |z+(s)pi+gradS |φsq
〉
L2
≤− 14 α
2
for all z ∈ ∂N(γT ) and s > 0 small. It is precisely this calculation where we need
convergence in W 1,4 and the extension to L2 of the linearized graph map dG Tγ (z+) in
Theorem 3.1. (The nonlinear part f of (1) maps W 1,4 to L2.)
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